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Abstract. Numerical algorithms for decomposing the real points of a
complex curve or surface in any number of variables have been developed
and implemented in the new software package Bertini real. These algo-
rithms use homotopy continuation to produce a cell decomposition with
the currently employed algorithm for surfaces assuming that it is almost
smooth, i.e., most finitely many singular points. The following summa-
rizes using isosingular deflation to remove the almost smooth condition
along describing the use of Bertini with MATLAB to perform the deflation.
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1 Introduction

Introduction to cell decomposition, curves [5] and surfaces [3]. Isosingular defla-
tion [4]. Bertini real [1]. Bertini [2].

2 Cell decomposition

Cell decomposition of an algebraic surface [3] breaks it into a finite number
of regions over which the implicit function theorem holds. The decomposition
consists of ‘2-cells’ or faces, which are bounded by ‘1-cells’ or edges, which are
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themselves bounded by vertices. Each face and edge is equipped with a generic
point in the middle, and a homotopy such that the generic point can be tracked.

The decomposition is computed with respect to two randomly chosen linear
projections, π1(x), π2(x), which give rise to the implicit parametrization of the
surface we are computing. Each face then describes a portion of the surface, and
its boundary is either a curve over which we cannot track the generic point due
to the implicit function theorem, or is part of the artificially imposed edge of the
view.

The process for decomposing an algebraic surface defined by system f(x) is
depicted in Fig. 1, and is loosely as follows:

The Zitrus surface is defined by the vanishing of

f(x, y, z) = x2 + z2 + y3(y − 1)3. (1)

1. Compute the critical set with respect to π1, π2. This is where the surface is
either singular or is tangent to the direction of projection, defined by the
system: 

f(x)

det

Jfπ1
π2


 = 0.

The edges coming from this curve decomposition will become the top and
bottom edges of the faces in the end. See the top left of Fig. 1, where the
ring around the surface and the points near the end are the critical curve.

2. Intersect with a suitably chosen sphere. After computing the critical curve,
we know where all the interesting parts of the surface are, so choose a sphere
containing all critical points of the critical curve, and intersect it with the
surface. In the Zitrus example, the sphere intersection curve is empty because
the surface is compact.

3. Slice at all collected critical points, and halfway between. The boundary of a
face is a graph of edges of curve decompositions, the right and left of which
will be slices of the surface at critical points. In contrast, the midpoint
of each face is the midpoint of an edge of a midslice, occurring halfway
between critical points. Each slice is the intersection of the surface with
a plane corresponding to fixing π1 projection value, and decomposing with
respect to π2. This step is the top right in Fig. 1.

4. Connect midpoints to build faces. For each edge of each midslice, track its
midpoint to each candidate edge of each left- and right-bounding critical
slice. Using a specially crafted homotopy which couples the midpoint, top,
and bottom points, we establish the network of connections between mid-
points. This step corresponds to the bottom left in Fig. 1, where colored
regions correspond to individual faces. After this step is complete we have a
topologically correct triangulation of the surface.

5. Refine and smooth. The initially computed decomposition will be rough,
containing only the bare skeleton of the surface, in terms of π1, π2. Since
each decomposition is equipped not only with a graph of connecting points,
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Compute critical set Slice

Connect Refine

Fig. 1. Computing a cell decomposition of the Zitrus

but also with a homotopy and generic point, we can refine the decomposition
arbitrarily. In the lower right of Fig. 1 is a moderately fine smoothing of the
Zitrus.

3 Singular curves on surfaces

The Zitrus described in § 2 is almost smooth since it only has two singular points.
In the almost smooth case, the singular points are simply added to the critical
set. In particular, numerical tracking does not need to be performed starting from
such singular points. However, when there is a curve of singularities, notably the
“handle” of the Whitney umbrella, one needs the ability to numerically track
along these curves to compute the cell decomposition.

As an example, consider the Solitude surface defined by the vanishing of

f(x, y, z) = x2yz + xy2 + y3 + y3z − x2z2. (2)

There are two singular lines on this surface, one is defined by x = y = 0 while
the other is defined by y = z = 0. In order to perform tracking on such singular
curves, we use isosingular deflation [4] which we describe in the next section.

4 Isosingular deflation

Deflation is a regularization procedure for an irreducible algebraic set X ⊂ CN

which produces a new polynomial system having the X as an irreducible com-
ponent of multiplicity 1. That is, deflation produces a polynomial system which
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can be used to perform numerical path tracking on X. The following summarizes
using the deflation routine of [4] via determinants, which is currently being used
in Bertini real.

Let f : CN → Cn be a polynomial system and S ⊂ V(f) ⊂ CN be an
irreducible surface of multiplicity 1. That is, S is an irreducible algebraic set of
dimension 2 such that dim null Jf(x) = 2 for generic x ∈ S, where Jf(x) is the
Jacobian matrix of f at x. Suppose that C is an irreducible curve contained in
the singular set of S, that is,

C ⊂ {x ∈ S | dim null Jf(x) > 2}

and c ∈ C is general. Isosingular deflation constructs a polynomial system g such
that C is an irreducible component of V(g) of multiplicity 1 as follows:

1. Initialize g := f .

2. Loop until dim null Jg(c) = 1:

(a) Set r := rank Jg(c).

(b) Append to g the (r + 1)× (r + 1) determinants of Jg(x).

This loop will terminate and produce a polynomial system that can be used to
perform computations on C.

If the surface S was of multiplicity > 1, this procedure with a minor modifi-
cation on the stopping criterion can be used to deflate S.

The following example considers the singular curves of the Solitude surface.

Example 1. Let f be as in (2) and consider C = {(a, 0, 0) | a ∈ C}. For simplicity
of presentation, we take c = (1, 0, 0). Since all first order partial derivatives of f
vanish at c, we need to add these derivatives to f producing

g(x, y, z) =


x2yz + xy2 + y3 + y3z − x2z2

y2 + 2xyz − 2xz2

2xy + x2z + 3y2z + 3y2

x2y − 2zx2 + y3


It is easy to verify that dim null Jg(c) = 1 so that we have g has deflated C.

Now, we consider the other curve C ′ = {(0, 0, a) | a ∈ C} with c′ = (0, 0, 1).
Since dim null Jg(c′) = 2, we need to perform another iteration. Adding in the
2 × 2 determinants of Jg(x, y, z) produces a polynomial system g′ : C3 → C22

such that dim null Jg′(c′) = 1.

In the procedure above, the required null space dimension was known a priori
The required determinants are computed via MATLAB with the rank r computed
using Bertini. For deflating at points for which the corresponding dimension
may not be known, we use the isosingular stabilization test described in [4] that
is implemented in Bertini for the stopping criterion.
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Fig. 2. Comparison of results from decomposition [left] without deflation, and [right]
with deflation, to make singular curves trackable, and the decomposition complete.

5 Decomposing surfaces

With isosingular deflation [4], we have now removed the almost smooth restric-
tion from [3] so that this new algorithm can produce a cell decomposition of the
set of real points on a complex surface in any number of variables. To demon-
strate, Fig. 2 presents the Solitude surface defined by (2). The one on the left
shows the decomposition where are points on the singular curves are ignored
demonstrating the decomposition without using isosingular deflation. The one
on the right uses isosingular deflation to track along the singular curves to pro-
duce a complete decomposition.

6 Conclusion

The use of isosingular deflation permits numerical path tracking to be performed
on singular sets. We have applied this technique to remove the almost smooth
assumption for the algorithm presented in [3] to allow one to compute a cell de-
composition of the real points of any complex surface in any number of variables.
The drawback of using the determinantal formulation of isosingular deflation is
the potentially large number of additional polynomials added to the system. We
are currently exploring various approaches for limiting the number of additional
polynomials needed to deflate the components of interest.
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