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—Introduction

Tropicalization

The tropicalization of an equidimensional algebraic variety is typically
defined for complex components.

» For complex plane curves, can be defined as limits of ‘amoebas’:

i <log|z1| logIZzI>
im [ — , —

t—0 logt logt

» Can also be defined in terms of Puiseux series.

» Can also be defined in terms of the max-plus semiring

Gathmann. Tropical Algebraic Geometry. arXiv:math/0601322v1
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Amoeba

The complex amoeba of

P(z,w) = 5023 +832%w+24zw? +w3 439222 +414zw+50w> —2824-59w—100

“Amoeba4 400” by Amoeba4.400.png: Oleg Alexandrov. Derivative work: Zerodamage - This file was
derived from:Amoeba4_-400.png:. Licensed under CC BY-SA 3.0 via Wikimedia Commons -
https://commons.wikimedia.org/wiki/File:Amoeba4_400.svg#/media/File:Amoebad_400.svg
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L_Gomputation! of Complex Tropical Curves
Existing methods for computing Tropical Curves

There are implemented ways to compute C tropical curves:

» Gfan, Grobner bases.

» Homotopy Continuation [JLY], amoebas.
1. Find possible rays by sampling tentacles,
2. Compute multiplicities of rays,
3. Check for completeness.

Neither above method can compute the R tropicalization (or
tropicalization of a R curve), so we will explore what this means, and
how to compute it.

Jensen, Leykin, Yu. Computing Tropical Curves Via Homotopy Continuation.
arXiv:1408.3105v1
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A R example — a parabola
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Projectivizing the parabola lets us compute the behaviour at oo,

when we supplement with a random real patch.

m]

=




Real Tropical @ AMS 2015
LA First Example

Parabola (ctd)

(0,@)
Slice by moving P
the witness lines

Random complex
slice (witness linear)

Slicing the curve at each coordinate tell us whether to do further
computations on that coordinate.
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Parabola (ctd)

Slice INSIDE the

domain of validity for implicit
Puiseux series with x = ¢

The domain is determined by the

t-coordinates of critical points of
2

x? —yz — 22
patch(x, Y, Z)

xr—t
Get the R points for Puiseux series computation
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Parabola (ctd)

r=t=¢e?eC
6 € [0, 2]

»
A Walk halfway around,
eliminate found real points.
‘Walk the rest of the way around,
eliminate found/real points.

Go until return to starting point
This gives the candidates for

limiting vectors for the
real tropical curve

Doing monodromy loops determines the distinct paths limiting to the
real intersection points.
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Parabola (ctd)

r=t=c¢"? eC
6 € [0,27]

For each variable, [|

2m .
find the first —_— 15](9) do 7é 0
k such that 2 0 (ezG)k

Find the valuations for each variable, by estimating Cauchy integrals
via the trapezoid rule.
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Parabola (ctd)

<12>

<-10>
<0-1

After dehomogenization, we get this picture
for the real tropicalization of this parabola

Repeating the steps, we get the real tropicalization of this parabola

=
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High level ®
[setup)

(compute NID of curve system

« get degree,
witness linear

) « verify have curve 5

intersection_poin{s/

. . , o D
intersect with each possible move generic slice
coordinate hyperplane to particular slice

compute_tangent[vectors/J

slice near t=0
and determine distinct paths
which go to 0

compute valuations

< have choice about method to use B|




Real Tropical @ AMS 2015
L Algorithm

intersection_pointsJ

i =0;i < num_vars; i++ &

true

move_witness_[inear_to_x_i=0/

add function
lin_slice = (1-t)L_x_i +t L_rand
to system

write input file
userhomotopy:2;

add solutions to set of
found intersections duplicates would be found
when multiple variables are 0

do not record duplicates
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L Algorithm

compute_tangent_vector] '_high_level)

%i = 0;i < number_variables; i++/\

N\

true

slice near coordinate hyperplanes |%

be careful about
where you slice

1

— still have paths to compute <

true
Y
do monodromy to walk around 0
v determine distinct paths in complex time

compute valuations can use multiple
methods for this
L

®
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slice_near_0/

t=x_
critical_points/
add to curve system
compute critical points of system condition that
with respect to t Jacobian matrix
drops rank

- AN
continue from
system witness linear to
slicing linear

to intersection points track trom t = tau to 0
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L Algori
gorithm

compute_valuationJ ¢

Cauchy_endgame)

for each variable

valuation_converged

compute log(abs(x))/log(abs(t))

kth valuation = cauchy integral
using previously computed
samples around t =0

and power k

variables which did
not go to 0 have valuation
zero automatically

(kth valuation

True

ak.a. log base t =

- N
this computes the
rational vector

all at once

estimate nearest rational vector

kth valuation = cauchy integral this computes

using previously computed the vector,
samples around t =0 one variable
and power k at a time
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Elliptic Curve

Sometimes the real curve does not generate all the vectors of the
complex tropicalization.

S
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Elliptic Curve 2

The values of coefficients and parameters matter greatly!
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L Conclusion

Notes

The valuations can be computed with either

> the limit definition,
L 2]

t—0 ‘t|

JEr

The limit definition has slow convergence (experiments under
way).

Since monodromy loops are periodic, the trapezoid rule for
Cauchy integration converges quickly.

» Cauchy integrals,

Since one determines which slice points connect at N points, and
one can use monodromy for this, the Cauchy valuation method is
superior.
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Contrasts between R and C Tropicalization

C R
» Generic behaviour — largely » Non-generic behaviour —
doesn’t depend on strongly depends on
parameter values. parameter values.
» Multiplicities can be seen as » Not clear yet how
total # of Puiseux series at multiplicity is defined.
intersgctions with » No balancing condition.
coordinate hyperplanes. Unknown how to check for
» Balancing condition to correct computation.

check for correct
computation. Sum of all
vectors = 0.
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Thank you for your kind attention

P g
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- Supplemental

Vectors
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