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Scenario

Many robots are designed to work in remote or dangerous locations. Suppose:
@ System has multiple robotic arms,
@ Workspaces of arms overlap,
@ Arms capable of grasping each other,
@ One arm undergoes free-swinging joint failure. !
Then, to maximize a weighted sum of pre- and post-failure workspaces:
@ How close should the arms be?
@ Where should they connect post-failure?
Our method to answer the questions is:

@ Use homotopy continuation to solve inverse kinematics at a randomly
chosen sample of space.

'English, Maciejewski, IEEE Trans. Robot. Automat., 1998.
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The Problem

Optimize to determine a and §:

@ Robots separated by
distance 9,

@ Right robot (#2) grasps
left (#1) at point P, at
distance a from the
second joint of robot 1,

so that some function of the
post-failure workspace is

2D Example of problem. maximized.
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The Problem

There are four workspaces to consider:
o Wi, W,, the pre-failure workspaces for robots 1 & 2.

o WH = Wi N Ws, the intersection of the two pre-failure workspaces.
Depends on 4.

o W, the post-failure workspace. Depends on 4 and a.

Our objective is to maximize some function £ of these four workspaces.
We used,

Q= (1=X) - [We[ + A(IWA] = [Wa]),

where )\ is a problem-specific weighting factor.
Note: |Wi| — |Wh| is a measure of the benefit of having the second robot.
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Jacobian Method

Traditionally, one would use Jacobian Method to solve problem:
@ Start robot from initial state, use Jacobian Control? to move robot to
desired point.:
x=J(0)-0
@ If robot can come within € of point, it is in workspace. Else, out.

@ Alternately, one could move robot to boundary of workspace, and
move in nullspace of Jacobian to trace boundary.

Method has shortcomings, however:
@ Can only find one solution per point.
@ Can miss voids in workspace.

@ Hard to measure volume of calculated workspace.

2Fu, Gonzalez, Lee. Robotics : Control, Sensing, Vision, and Intelligence. New York:
McGraw-Hill, 1987
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Motivation for using Homotopy Continuation

@ Inverse kinematics equations are polynomial systems.

@ Algebraic Geometry (AG) is the study of solving polynomial systems.

@ Numeric AG mature enough to solve large systems numerically with
high precision, quickly.

@ We use the freely available package Bertini.

@ Full 6D inverse equations have no closed form solution - solve
numerically.

@ Finds all isolated solutions.
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Homotopy Continuation

paths go to
infinity

Start
convergent system
paths

System to be
solved

t=0
end

@ Want to solve a square polynomial system (N equations in N unknowns).
@ Have solutions to a related system.
@ Continuously deform the known, solved system into unsolved system.

@ Deformation continuously changes the solutions. This forms solutions curves
or paths.

@ Track individual solutions from known into unknown, numerically.
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The Bertini 3 software package is a sophisticated tool for solving
polynomial systems with homotopy continuation. Some benefits and
features include:

Arbitrarily high accuracy,

Parameter and custom homotopy definitions,

Positive-dimensional component detection and (complex) sampling,
Parallel version with MPI,

Free to use.

3Bates, Hauenstein, Sommese, Wampler. 2010. Available:
http://www.nd.edu/~sommese/Bertini
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2-Joint Planar Robot, Step 1

@ Both robots identical, with all links of
length 1. Then Wy = W, translated
by 4.

@ Initial sampling of [-2,2] x [-2, 2]
for computing W;.

@ Inverse kinematics equations is a
system of two equations in two
variables (2 by 2), which we
transform into a 4 by 4 system:

_ C1C — 515 +¢1 — X (1)
si+ass+s—y

These equations are augmented by trigonometric identities,

+st—-1=0, i=12. (2)
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Monte Carlo Estimation

@ For each of the four workspaces,

@ Wi, W,, the prefailure independent workspaces,
@ Wq, the intersection of the prefailure workspaces,
and

@ W, the cooperative postfailure workspace.
we (pseudo-) randomly sample
space guaranteed to contain the
workspace.

@ We estimate the size of the
workspace in the typical Euclidean
measure, as the fraction of the
sample that has real solutions to
the inverse kinematics problem.
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2-Joint Planar Robot, Step 2
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2-Joint Planar Robot, Step 3

e Using Wr C Wi, solve new
equations for grasping
configuration.

@ Solve for each pair of (4, a) values.

o W system is 8 by 8:

C1C — 5159 +¢1 — X
S1¢ +C1S9 + 51—y

0=1( acicp—asisp + 1 — (c3ca — 5354 + ¢3 + 0)
asic + ac1sy + s1 — (s3ca + 354 + s3)
s,-2 + c,-2 —1
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WEg Examples

2 2

15 154

1 1

05| 05|

> 0 = 0f

05/ 05| -05|
A -1

-15] 15|

g 0 1 2 ] 0 1 2 E Bl 0 1 2

x x

Cooperative workspaces for § =2, a = 0.1,0.5,0.9. Black: unreachable by

robot 1 in cooperative mode, dark gray : two configurations reachable, light gray:
four configurations reachable.

White area is outside the workspace of robot 1.
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2-Joint Planar Robot, Step 4
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Plots of intersection workspace and post-failure workspace as functions of
d and a.
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(1= A) - [Wel + A(IW4| — [Wh|)
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JOINT 1

Puma 5xx Robot

A fully 6D robot.

@ First three joints
control position,

@ Last three, a wrist,
controls orientation.

’ PUMA Denavit Hartenberg Parameters 4 , first three joints

Joint i | 6; Qo a1 d; Type
1 01| —m/2 0 243.5mm R
2 0> 0| 431.8 mm | —93.4 mm R
3 03 | m/2 | —20.32 mm | 433.1mm R

Note: also need the tool-frame.

“Corke, Armstrong-Helouvry. Robotics and Automation.- 1994
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3D W; Equations for Puma 500

0.15005s; + 0.4318c1¢p + 0.4318c1¢coc3 — 0.4318c¢150853 — x
0.4318C251 — 0.15005C1 + 0.4318C2C351 — 0.4318515253 -y
0.4318s, + 0.4318cps3 + 0.4318c3s50 + 0.67 — z

s,-2 + c,-2 -1

One equation per dimension, plus the Pythagorean identity relating the
sine and cosine pairs, for each i = 1..3.
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Joint-Limited W1 for PUMA
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Top: Slices of the pre-failure PUMA workspace W by the planes x = 0 (left) and z = 0 (right). Bottom: Combined picture of
workspace with three slices x = 0, y = 0, z = 0. Yellow color: areas accessible the angles satisfying joint limits. Red color: real

solutions violating joint limits. Dark blue region: inaccessible.
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Objective Q

B

Top left: Measurement of the intersection workspace |Wn|, as a function of §.
Rest: Contours of the objective function Q versus (4, a) for 3D cooperating
robots. Note that for the case (upper right), A = 0 and the objective function Q
is equal to the measure of post-failure workspace |W|.
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@ Inverse Kinematics equations may be turned into polynomial systems,
and solved via homotopy continuation.

@ Robot workspaces may be estimated via Monte Carlo methods -
random sampling, and repeated solving of the inverse kinematics.

@ Optimal placement of robot bases, and sockets on links, depends on
Q, which in turn depends on user's choice of weighting factor A.

@ Generalization to 6D robots will require uniform sampling of 3D
rotations.

@ Kinematically redundant robot analysis suffers from the curse of
dimensionality.
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