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Homotopy Methods
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Homotopy Continuation

Predictor-corrector method
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Real Components

Setup

I Let f be a polynomial system with R
coefficients, with
f : CN → Cn.

I Let V (f ) be the variety of f .

I Consider C ⊆ V (f ) be a component
of dimension k = N − n.

I If f is overdetermined, replace f by a
randomized version of itself.

Our objective is to decompose the real part
of C ; i.e., C ∩ Rk
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bertini real: software for real algebraic sets
www.bertinireal.com
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Choose a projection

For real decompositions, choose a projection π(x).

I π is a real linear projection map,

I π projects onto as many ‘coordinates’ as there are dimensions in the
object,

I for best results, π is chosen randomly and orthogonally.

The projection values π(x) will be the implicit parameters for the
decomposition.
Essentially, choose a direction from which to view the object.
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Curves  
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twisted cubic

f (x , y , z) =



y − x2

z − x3

y2 − xz



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Curve Cell
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track no further
than boundary
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to trace out curve

an edge consists of:

I midpoint,

I two endpoints,

I a homotopy:

[
fcurve(x)
π(x)− p

]
= 0
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Curves

5. Merge 4. Connect the dots

3. Slice2. Intersect with sphere1. Find critical points

6. Refine

[Lu,Bates,Sommese,Wampler,2006]
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Curves

Curve on a Banchoff surface.
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Curves
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Critical point computations

Computing critical points of curves is easy.

Since f defines a curve, its witness set comes with one random linear:

[
f
L1

]

Then we use regeneration to solve the system:




f

vᵀ ·
[
Jf
π1

]

patchv




[Hauenstein,Sommese,Wampler, 2009]
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Regeneration to find crit

Regeneration uses products of linears to build up a start system for a
homotopy. We’re solving by homotoping as

H(x , v ; t) = (1− t)




f (x)

vᵀ ·
[
Jf (x)
π1

]

patchv


 + t




f (x)

M1(v)
∏δ

ii=1 L1,ii (x)
...

MN(v)
∏δ

ii=1 LN,ii (x)
patchv




I This is the left nullspace formulation of the critical system.

I Correspondingly, δ is the maximum degree any polynomial in f .
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Curve Critical Points

Result: real critical points
of complex curve     , with respect 
to the linear projection 

Computing Computing 

Start with witness set
for curve    

Do one linear 
slice move per
linear factor of
target system

track
homotopy

One         vanishes on 
each start point in      .

Other functions vanish
  on     variables.
Find by inverting     .

  

Multiply
linear 
factors

Track homotopy
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Surfaces

torus
f (x , y , z) = (x2 + y2 + z2 + 22 − 1

2

2
)2 − 16(x2 + y2)
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Surface Cell

left

right
(degenerate)

bottom

top

midpt

The ‘top’, ‘bottom’, ‘left’, and ‘right’ boundaries are
edges from curve decompositions.
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Surface Decomposition

1. Decompose 
    critical curve

2. Decompose 
    singular curves

3. Intersect with
    sphere

4. Slice5. Connect the dots6. Refine

Besana,Di Rocco,Hauenstein,Sommese,Wampler, 2013
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Surfaces

distel, unrefined distel, refined

f (x , y , z) = x2 + y2 + z2 + 1000(x2 + y2)(x2 + z2)(y2 + z2)− 1
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Surfaces

solitude
f (x , y , z) =

x2yz + xy2 + y3 + y3z − x2z2

klein
f (x , y , z ,w) =[

w2 + x2 + y2 + z2 − 1
2wyz − x(y2 + z2)

]
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Crit points of crit curve

The system I currently solve to obtain crit points of crit curve:

fcrit crit =




f

det



Jf
π1
π2




vᵀ · J




f

det



Jf
π1
π2




π1




patchv






Parameterized Polynomials & Real Sets

Real Curves and Surfaces

3D Printing

Solve many 
polynomial systems

Compute      witness points Smooth blocky regions
face-by-face

Solidify, save as .stl Ninjaflex, PVA support Warm water bath

******* Witness Set Decomposition ********

| dimension | components | classified | unclassified
-----------------------------------------------------
|      2           |         1          |       6        |  0
-----------------------------------------------------

******* Decomposition by Degree *********

Dimension 2: 1 classified component
-----------------------------------------------------
       degree 6: 1 component

*****************************************************

2. Run Bertini_real1. Run Bertini 3. Refine 

4. Post-process 5. Print 6. Remove support 
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Parameterized Polynomials
Some polynomial systems are
parameter-free:

I x2 +
√

2x − 1

I x4 − 3x2y2 + 3y4

A single variety is admitted for the
system. Study it once, and you’re
done.

Others are parameterized:

− a00s0e + b00x0 + c01y1

− a10s1e + b10x1 + c00x0 − a01s1 f + b01y1 + c11y2

− a20s2e + b20x2 + c10x1 − a11s2 f + b11y2 + c21y3

− a30s3e + b30x3 + c20x2 − a21s3 f + b21y3 + c31y4

a00s0e − (b00 + c00)x0

a10s1e − (b10 + c10)x1

a20s2e − (b20 + c20)x2

a30s3e − (b30 + c30)x3

a01s1 f − (b01 + c01)y1

a11s2 f − (b11 + c11)y2

a21s3 f − (b21 + c21)y3

a31s4 f − (b31 + c31)y4

k1 − s0 + s1 + s2 + s3 + s4 + . . .

x0 + x1 + x2 + x3 + y1 + y2 + y3 + y4

k2 − e + x0 + x1 + x2 + x3

k3 − f + y1 + y2 + y3 + y4

Want to study the behaviour of
system in terms of a specific set of
parameter values.
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Tools for parameterized systems

I Algebraic description -
I Gröbner bases, using Macaulay2, or other symbolic packages.

Perform elimination on variables.
I Cylindrical Algebraic Decomposition.

Quantifier elimination.

I Geometric description -
I Computing witness sets, using Bertini, or other numerical packages.

Numerical Irreducible Decomposition.
I Solve problem defining boundaries between ‘cells’ in parameter space.

Compute the discriminant locus.
I Sampling methods.

Discretize parameter space, and repeatedly solve.
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Parameter Homotopy - Numerical Sampling Method

superfluous 

meaningful
paths

single costly 
initial solve

many faster 
parameter solves

same number of 
paths for each

the coefficient parameter homotopy
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Paramotopy

I Solves parameterized square systems of polynomials for arbitrary sets
of parameter values.

I Re-solution of failed paths.

I Tunable system-specific settings.

I Uses Bertini to perform solves, under the hood.

I Numeric-menu driven interface which simplifies and automates
Bertini functions.

I Open source, free. www.paramotopy.com

www.paramotopy.com
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Demo system

x0 + x1 + x2 + y1 + y2 + y3 + y4 = k1,

e + y1 + y2 = k2,

f + y3 + y4 = k3,

−a1x0e + b1y1 + c4y4 = 0,

c2y2 − a3x2f + b3y3 = 0,

a1x0e − (b1 + c1)y1 = 0,

a2x1e − (b2 + c2)y2 = 0,

a3x2f − (b3 + c3)y3 = 0,

a4x1f − (b4 + c4)y4 = 0.

The system has 9 variables, 9 equations, and 15 parameters. The parameters in
the problem are ai , bi , ci , kj , for i ∈ {1, 2, 3, 4}, and j ∈ {1, 2, 3}.



Parameterized Polynomials & Real Sets

Parameterized Polynomial Systems

Starting Question

[The parameters] are all assumed to be positive.
For some of them, the system has only one positive
solution (i.e., all coordinates are real and positive)
and for the others, it has three. How can numerical
methods help us determining values, regions, etc.,
for this to happen?
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Initial answer

To start answering questions about this system:

I Perform grid-sample solves across the unit cube [0, 1]15, to find the
number of solutions

Found only points with a single positive real equilibrium.
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I Perform positive-dimensional numerical irreducible decomposition for
random point in parameter space
⇒ Only solutions are ‘isolated’ solutions – just points.
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Monte Carlo sampling

Grid-sampling the unit cube provided only single-equilibria points – maybe
Monte Carlo sampling will help? Randomly sampling 105 times in all
parameters yielded the same picture:
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Monte carlo sampling of the unit cube seemed to lend itself to the conjecture
that this portion of parameter space is devoid of points at which multiple
positive equilibria exist. Perhaps the unit cube has only unique equilibria?
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Beyond the Unit Cube

Let’s move out 10 units – the 10-cube, [0, 10]15

Randomly sampling can be quite fruitful for system with large numbers of
parameters, with estimates on numbers (such as volumes) converging as the
square root.

0

2

4

6

8

10

0

2

4

6

8

10

0

2

4

6

8

10

 

 

#
 S

o
ln

s

0

1

2

3

My first pass at sampling, using only 104 points, produced two parameter
points with non-unique equilibria. See the red points?
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Structure Emerges

Having seen a separation of the number of posreal equilibria depending on
what looks like c1, c3, I chose to run a mesh around the point of interest.

Number of solutions - vs
parameter point.

Solution set structure.
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Summary

How can numerical methods help investigate a dynamical system?

I Provide numerical description of equilibria.

I Visualize to gain intuition.

I Search for anomalous points.

I Fix some parameters, vary others.

I Break down solution set in terms of dimensions and components.
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A: SYSTEM SCHEMATIC B: ENZYMOLOGY

..S0

. S1

. S2

.

E

.

E

.

F

.

F
S + E ES EP P + E

k1

k2

k3 k4

k5

C: POLYNOMIAL SYSTEM

0 = αv2 + ζuv + βζ2u2 + (αε0 − αε0σ − α + φ1ζ) uv2 +
(
ε1ζ − ε1ζσ − ζ + βφ2ζ

2
)
u2v

+
(
βε2ζ

2 − βε2ζ
2σ − βζ2

)
u3 + αφ0v

3 − (αε0 + φ1ζ) u2v2 −
(
ε1ζ + βφ2ζ

2
)
u3v

−βε2ζ
2u4 − αφ0uv3

0 = αv2 + ζuv + βζ2u2 + (αφ0 − αφ0λ − α) v3 + (φ1ζ − φ1ζλ − ζ + αε0) uv2

+
(
βφ2ζ

2 − βφ2ζ
2λ − βζ2 + ε1ζ

)
u2v + βε2ζ

2u3 − (αε0 + φ1ζ) uv3 −
(
ε1ζ + βφ2ζ

2
)
u2v2

−βε2ζ
2u3v − αφ0v

4

VARIABLES CONSERVED QUANTITIES

u =
[E]

Etot
v =

[F ]

Ftot
σ =

Stot

Etot
λ =

Stot

Ftot
ζ =

Etot

Ftot

PARAMETERS

α =
cE
1,0 − cE

0

cF
0 − cF

1,0

β =
cE
2 − cE

1,2

cF
1,2 − cF

2

ε0 =
Etot

KE
0

ε1 =
Etot

KE
1

ε2 =
Etot

KE
2

φ0 =
Ftot

KF
0

φ1 =
Ftot

KF
1

φ2 =
Ftot

KF
2

diagram – Chris Nam, Swarthmore
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Phosphorylation ctd.

System f ,

I 2 equations, of degree 4.

I 2 variables,

I 8 parameters.

I Care only about R+ solutions.

Questions about the parameter space:

I Is there a region of multistability?

I What is its measure? Does it saturate?

I Is it connected?

I Is it convex?
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VEGAS Sampling
A: POLYNOMIALS B: DENSITY PLOTS
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C: VEGAS SAMPLING
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diagram – Chris Nam

Lepage GP (1978) A new algorithm for adaptive multidimensional integration. J Comput Phys 27: 192-203.
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Phosphorylation ctd.

A: CONNECTIVITY B: CONVEXITY
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diagram – Chris Nam
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Phosphorylation ctd.

2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

σ

Vi
si

bi
lit

y 
ra

tio
 o

f m
ul

tis
ta

bl
e 

re
gi

on

convexity as function of σ.

100 101 1020

1

2

3

4

5

6

7

8 x 10−3

σ
Vo

lu
m

e 
of

 m
ul

tis
ta

bl
e 

re
gi

on

volume as function of σ.

diagrams – Chris Nam
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Thank you for your kind attention.
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Curve Merge

Homotope an 
old midpoint

Delete all
red objects

Combined merge --
merges multiple edges
simultanously

           edge created,
           new midpoint
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Connect the dots

Right Critslice

Left Critslice

Current midslice

Simultaneously track 
all three systems
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Surface Refinement

Top

Bottom

Right

Left

Raw face and edges Refine the edges

Add ribs Triangulate

Midpoint



Parameterized Polynomials & Real Sets

Supplemental

Generic Decomposition

Input: polynomial system f , witness set W , projections π1, ...πd .
Output: cell decomposition D.

1: Compute WK , a witness set for the critical set of dimension d .
2: Compute witness sets for singular sets, sphere intersection.
3: Compute critical points of everything possible.
4: Decompose S , the singular set.
5: Decompose K , the critical set.
6: Intersect with sphere.
7: Slice using linears at all critical points.
8: Slice between all critical points.
9: Glue it all together.

Method not implemented or written up.
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